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Abstract
We review a systematic construction of the 2-stack of bundle gerbes via descent, and extend it
to non-abelian gerbes. We review the role of non-abelian gerbes in orientifold sigma models,
for the anomaly cancellation in supersymmetric sigma models, and in a geometric description
of so-called non-geometric T-duals.
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1 Introduction
Higher structures are an important recent trend in mathematics. They arise in many fields,
most notably in representation theory and in geometry. In geometric applications, one considers
not only classical geometric objects, e.g. manifolds and fibre bundles on them, but also objects
of a higher categorical nature. In this contribution, we explain why higher structures naturally
appear in string theory and, more generally, in sigma models.
Various categories of manifolds (with additional structure) appear in string theory: bosonic
sigma models can be defined on smooth manifolds with a metric; for fermions, a spin structure
(and even a string structure) has to be chosen. Symplectic manifolds appear in the discussion
of A-models, and complex manifolds for B-models of topologically twisted string backgrounds.
Already in the very early days of string theory, it was clear that one should go beyond manifolds
to get more interesting classes of models: in the orbifold construction, one considers manifolds
with a group action that is not necessarily free. In modern language, an orbifold is a proper
e´tale Lie groupoid and thus an object of a bicategory. Thus, in a certain sense, orbifolds can
be seen as a first instance of a higher structure in string theory.
Another source of higher structures in string theory are p-form gauge fields. Bosonic string
theory has a 2-form gauge field, the Kalb-Ramond field. It comes with gauge transformations
parameterized by 1-form gauge fields, and there are gauge transformations of gauge transfor-
mations parameterized by U(1)-valued functions. Later, Ramond-Ramond fields in superstring
theory have been a rich source of gauge fields associated to forms of higher degree. The modern
framework to describe such gauge fields are gerbes and their higher categorical generalizations.
They have played an important role in this project of the SFB 676.
The appropriate mathematical framework for the description of ordinary 1-form gauge fields
are principal U(1)-bundles with connection. Given such a connection, one obtains parallel
transport, and a holonomy map that assigns to a closed curve an endomorphism of the fibre,
which can be identified with a group element. This holonomy enters in the action functional
of charged particles, and plays an important role e.g. in the discussion of the Aharonov-Bohm
effect.
The framework for 2-form gauge fields are U(1)-gerbes with connection. Various concrete
realizations are available: Dixmier-Douady sheaves of groupoids, Cˇech-Deligne cocycles, bundle
gerbes, principal 2-bundles etc. In this contribution we will focus on bundle gerbes. A connec-
tion on a U(1)-bundle gerbe leads to surface holonomy, i.e. it associates to a closed oriented
surface an element in U(1). This provides a rigorous geometric description of Wess-Zumino
terms in general target space topology. Similarly, connections on higher bundle gerbes lead
to a notion of holonomy for higher-dimensional manifolds. The Chern-Simons term in three-
dimensional field theories, for example, can be interpreted as the holonomy of a 2-gerbe. A
review concentrating on surface holonomy of gerbes and their applications in string theory has
been written by the authors, together with Ju¨rgen Fuchs and Thomas Nikolaus, based on earlier
results obtained in this project in the SFB 676 [1].
In this contribution, we focus on another, equally important aspect of higher geometry,
namely its treatment in the framework of higher stacks. In a certain sense, this exhibits
geometric objects as local objects. Some aspects of the theory of higher stacks (mostly: 2-
stacks), as well as a number of applications to string theory have been developed within this
project of the SFB 676.
We start in Section 2 by a gentle introduction to stacks and 2-stacks, and provide a new
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and conceptually clear definition of the bicategory of abelian bundle gerbes. In Section 3, we
generalize this definition to non-abelian bundle gerbes, clarifying many open issues in an elegant
way. In Section 4 we show that our treatment in the framework of 2-stacks has the additional
advantage that it automatically extends the whole theory from manifolds to Lie groupoids. In
particular, equivariant (non-abelian) gerbes are a canonical output of this approach. In Section
5 we study Jandl gerbes, the gauge fields in orientifold sigma models, as non-abelian gerbes
over certain action groupoids. This allows a systematic approach to Jandl gerbes. In Section
6 we report some recent results about string structures on manifolds, and their applications to
supersymmetric sigma models, with an emphasis on a description of string structures by non-
abelian gerbes for the string group. Finally, in Section 7, we describe another application of
non-abelian gerbes in the context of T-duality. The 2-stack-theoretical properties of non-abelian
gerbes are essential in this application: we glue locally defined T-duality correspondences to
obtain a globally defined new object, a version of a so-called T-fold.
2 A new perspective to bundle gerbes
A hallmark of any geometric theory is the possibility to obtain global objects from locally
defined objects by a gluing procedure. In this way, globally defined geometric objects keep
aspects of locality. The essential information for gluing is the categorical structure of the local
model. For instance, principal G-bundles (with G a finite-dimensional Lie group) can be glued
from trivial bundles along G-valued transition functions. In this example, the local model is
a category with a single object (the trivial G-bundle), whose morphisms are smooth G-valued
maps (the automorphisms of the trivial bundle). All information is contained in this local
model; in this case, even, only in its morphisms. The local model should be contravariant in
the base manifold, so that one can restrict to smaller subsets. In more technical terms, it should
form a presheaf of categories over the category of smooth manifolds: a (weak) functor
X :Manop → Cat.
It includes the assignment of a category X(M) to each smooth manifoldM , and of a functor f ∗ :
X(N) → X(M) to each smooth map f : M → N , compatible with the composition of smooth
maps in a certain way. In the example of principal G-bundles, we have X(M) = BC∞(M,G),
using the notation BG for the category with a single object whose automorphism group is G.
The functor f ∗ : BC∞(N,G) → BC∞(M,G) is trivial on the level of objects, and g 7→ f ◦ g
on the level of morphisms.
Usually (and so in our example) local models do not contain the global objects. In other
words, the gluing of local objects will not produce another local object. In more technical
terms, the presheaves X are usually not sheaves of categories, or stacks. The notion of a stack
depends, in the first place, on a notion of locality for the underlying category. Essentially, one
has to specify a class of morphisms that correspond to open covers in an abstract sense. In
case of Man, one may consider all maps of the form
∐
i∈I
Ui → M : (i, x) 7→ x, (1)
where (Ui)i∈I is an open cover of M . We shall be more specific about what we want to
glue. Given an open cover U = (Ui)i∈I of M , we consider a collection (Xi)i∈I of local objects
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Xi ∈ X(Ui), together with a collection of isomorphisms gij : Xi|Ui∩Uj → Xj |Ui∩Uj in X(Ui ∩Uj),
for all two-fold overlaps, which are compatible in the sense that a cocycle condition
gjk ◦ gij = gik (2)
is satisfied in X(Ui ∩Uj ∩Uk), for all three-fold overlaps. A pair ((Xi), (gij)) is called a descent
object for the presheaf X with respect to the cover U . There is a natural notion of morphisms
between descent objects, so that a category DescX(U) is formed.
If the gluing of a descent object ((Xi), (gij)) within X could be performed, then it is expected
to result in a global object X ∈ X(M) that locally restricts to the given local objects Xi in a
way compatible with the gluing isomorphisms gij. More precisely, we associate to X the descent
object XU := (X|Ui, id) and require that (X|Ui, id)
∼= ((Xi), (gij)) in DescX(U). In other words,
we consider the functor
X(M)→ DescX(U) : X 7→ XU (3)
and demand it to be essentially surjective. For the definition of a stack we require even a bit
more, in order to be able to glue not only objects but also morphisms: a presheaf X of categories
is called a stack, if the functor (3) is an equivalence of categories for every open cover U .
As mentioned before, typical local models do not form stacks but only so-called prestacks,
meaning that the functors (3) are not essentially surjective, but still fully faithful. However,
there is a procedure, called plus construction, to turn a prestack X into a stack X+. The idea is
very simple: an object in X+(M) is a pair of an open cover U and an object in DescX(U). The
morphisms are defined over common refinements of open covers, and we shall omit the details
here. One can show that the plus construction is idempotent for prestacks, i.e. X++ ∼= X+ [2].
In our example of the local model X = BC∞(−, G) for principal G-bundles, one can then check
that X+(M) is canonically equivalent to the usual category BunG(M) of principal G-bundles
over M , via the clutching construction.
One can admit more general morphisms in our notion of locality, for example one can
consider all surjective submersions pi : Y → M instead of just the one of the form (1). This
has for example advantages in the construction of bundle gerbes on compact Lie groups. The
k-fold intersections are then replaced by the k-fold fibre product Y [k] = Y ×M ... ×M Y , and
the definition of the descent category DescX(pi) is fully analogous. In fact, it turns out that the
resulting stackification X+ will be the same as before [2].
The main advantage of this approach to geometrical objects over manifolds is that it is
very general: its only input is the local model X. For example, we let X be the following
prestack: the objects of X(M) are all g-valued 1-forms on M , and the morphisms are all gauge
transformations. Then, X+ is the stack Bun∇G of principal G-bundles with connections. On the
other hand, this approach does often not bring much new insight into the geometric objects
themselves, since nice geometric models are well-known, as in the cases of principal G-bundles
with and without connections.
Analogous considerations persist in higher-categorical settings with more interesting results
[2]. For instance, in one categorical degree higher we consider presheaves X of bicategories as
our local models. Now, the definition of the descent category has to be changed in order to
incorporate 2-morphisms. A descent object in DescX(U) is a collection of objects Xi in X(Ui)
and of morphisms gij in X(Ui∩Uj) as before, but instead of the cocycle condition (2) it includes
additionally a collection of 2-isomorphisms
µijk : gjk ◦ gij ⇒ gik
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in X(Ui ∩Uj ∩Uk) satisfying a new cocycle condition in X(Ui ∩Uj ∩Uk ∩Ul). Again, there is a
2-functor
X(M)→ DescX(U)
and we call X a pre-2-stack if – for all open covers U – it induces an equivalence on Hom-
categories, and a 2-stack if it is an equivalence of bicategories. A generalization of the plus
construction produces a 2-stack X+ out of any pre-2-stack X [2]. A concrete example, and the
main motivation for this section, is a local model where the morphisms are principal U(1)-
bundles. We consider the pre-2-stack X = BBunU(1) : the bicategory X(M) has a single
object, its automorphisms are principal U(1)-bundles over M , and the 2-morphisms are all
bundle morphisms. The composition is the tensor product of principal U(1)-bundles. Again,
all information is in the morphisms, this time in the morphism categories. The reader is
encouraged to perform a brief check, that the plus construction (with respect to surjective
submersions) produces exactly the bicategory of U(1)-bundle gerbes,
BGrbU(1)(M) = (BBunU(1))
+(M)
as described by Murray and Stevenson [3, 4, 5]. Let us summarize three advantages of this
result:
1. It derives the definition of a bundle gerbe from first principles.
2. It automatically produces the quite complicated bicategorical structure of bundle gerbes,
whose development by hand took many years.
3. By construction, BGrbU(1) is a 2-stack, i.e. bundle gerbes can be glued. Variants of this
result have been proved by hand by Stevenson [5] and Meinrenken [6].
It is straightforward to find interesting variations. For example, one can take any abelian
Lie group A instead of U(1), since then BunA is still a monoidal category. One can take
hermitian line bundles instead of principal U(1)-bundles, resulting in a line bundle version of
bundle gerbes. One can even consider hermitian vector bundles of higher (but finite) rank.
The reader is again encouraged to check that this does not change the definition of a single
bundle gerbe, but it produces a bicategory with more 1-morphisms, in particular, non-invertible
ones. Finally, one can add connections to the picture, and thus consider a pre-2-stack X whose
bicategory X(M) is the following:
• Its objects are 2-forms B ∈ Ω2(M).
• The Hom-category between objects B1 and B2 is the full subcategory of hermitian vector
bundles E over M with unitary connections ∇ of curvature
1
rk(E)
tr(curv(∇)) = B2 − B1. (4)
The plus construction results precisely in the bicategory of bundle gerbes with connection
described in [7]. The proof of the fact that bundle gerbes with connection form a 2-stack
should be seen as one important mathematical result of this project of the SFB676.
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We remark that bundle gerbes with connection give rise to a notion of surface holonomy.
Surface holonomy is the basis of many applications of bundle gerbes in string theory: connec-
tions on bundle gerbes are the Kalb-Ramond gauge fields for strings, and surface holonomy
provides the coupling term in the string action. The extension from line bundles to vector
bundles allows to discuss twisted Chan-Paton gauge fields on D-branes within this framework
[7]. For a more detailed discussion of surface holonomy we refer to our review [1].
3 Non-abelian gerbes
In this section we demonstrate the full power of the plus construction in the case of so-called
non-abelian gerbes. The terminology is not totally accurate, as the abelian group U(1) of the
previous section is generalized to a Lie 2-group (instead of a non-abelian group). Non-abelian
gerbes have found several possible applications in string theory:
• Connections on non-abelian gerbes are the gauge fields in higher gauge theory; see [8]
for an overview. In M-theory, they arise in the Lagrangian description of M5-branes, see
[9, 10, 11].
• Non-abelian gerbes have been used to describe 4-dimensional topological quantum field
theories that control the long-distance behaviour of surface operators in gapped phases
of 4-dimensional gauge theories [12].
• Graded U(1)-gerbes can be seen as non-abelian gerbes; they appear in orientifold sigma
models (see Section 5 and the references therein), and as geometrical models for twistings
of K-theory [13].
• Non-abelian gerbes for the string 2-group are relevant for the anomaly cancellation in
supersymmetric sigma models, see Section 6 and the references therein.
• There is a reformulation of topological T-duality in terms of non-abelian gerbes provides
a geometric description of so-called non-geometric T-duals, see Section 7 and [14].
The definition of a non-abelian bundle gerbe has been extrapolated manually from the
abelian case [15, 16], but can be derived systematically via the plus construction [17]. Before
starting to describe the second approach, we shall explain the notion of a Lie 2-group, which
plays the role of the ,,structure group“ of a non-abelian gerbe.
A Lie 2-group is a Lie groupoid with a certain kind of monoidal structure. A Lie 2-group
is called strict, if the monoidal structure is strictly associative, i.e. its associator is trivial. We
will concentrate on the strict case. Strict Lie 2-groups can equivalently be described by crossed
modules of Lie groups. A crossed module is a Lie group homomorphism t : H → G together
with an action α of G on H by group homomorphisms, such that
α(t(h), x) = hxh−1 and t(α(g, h)) = gt(h)g−1.
The Lie groupoid that corresponds to such a crossed module has objects Γ0 := G and morphisms
Γ1 := H × G, with source map (h, g) 7→ g and target map (h, g) 7→ t(h)g. The composition is
given by the group structure of H , and the monoidal structure is given by the group structures
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of G and of the semi-direct product H⋉G formed using the action α of G on H . The standard
examples of Lie 2-groups are the following; more examples will be mentioned in Sections 6 and
7.
• For an abelian Lie group A, there is a Lie 2-group BA with a single object and the
group A as its automorphisms; this construction (and notation) is analogous to Section
2. Composition and monoidal structure are both given by the group structure of A; since
the monoidal structure is a functor, the classical Eckmann-Hilton argument requires A
to be abelian. The corresponding crossed module is A→ {e}.
• For a general Lie group G, there is a Lie 2-group Gdis with objects given by the elements
of G and only identity morphisms. The corresponding crossed module is id : G → G,
together with the conjugation of G on itself.
• If the automorphism group Aut(H) of a Lie group H is again a Lie group (for example,
it is discrete when H is compact and simple), then there is a Lie 2-group AUT(H) called
the automorphism 2-group of H . Its crossed module is the assignment i : H → Aut(H)
of inner automorphisms, together with the natural action of Aut(H) on H .
We explain two more facts about Lie 2-groups that will be relevant later. Lie 2-groups
have two interesting invariants, pi0Γ (the group of isomorphism classes of objects) and pi1Γ
(the abelian group of automorphisms of the monoidal unit). There is an action of pi0Γ on pi1Γ
obtained by conjugation with identity morphisms, and the Lie 2-group is called central if this
action is trivial. In terms of crossed modules, pi0Γ = G/t(H) and pi1Γ = ker(t) ⊂ H , and the
action is induced from α. For example, pi0AUT(H) = Out(H) and pi1AUT(H) = Z(H), and
AUT(H) is central if and only if every outer automorphism fixes the center.
A Lie 2-group is called smoothly separable, if pi0Γ is a Lie group such that Γ0 → pi0Γ is a
submersion. Every smoothly separable Lie 2-group gives rise to an extension
Bpi1Γ→ Γ→ (pi0Γ)dis (5)
of Lie 2-groups in the sense of Schommer-Pries [18]. If Γ is central then this extension is central.
In order to specify the input data for the plus construction, we have to specify a local model
for non-abelian gerbes. The idea is analogous to the abelian case: we want to define a monoidal
category of bundles related to the given Lie 2-group Γ. For any Lie groupoid Γ one can consider
principal Γ-bundles, and we refer to [17] for a review. Principal Γ-bundles are ordinary fibre
bundles pi : P → M , whose total spaces are equipped with an ,,anchor map“ φ : P → G and an
action of Γ – this means that a morphism γ : a→ b acts on points p ∈ P with anchor φ(p) = a,
resulting in a new point p ◦ γ with anchor b, in the same fibre over M . The action is supposed
to satisfy the usual conditions for principal bundles. The monoidal structure on Γ is used for
the definition of the tensor product of principal Γ-bundles.
In terms of a crossed module t : H → G, a principal Γ-bundle is an ordinary principal H-
bundle P equipped with a smooth, anti-equivariant map φ : P → G, i.e. φ(p ·h) = t(h)−1 ·φ(p).
The tensor product P ⊗Q is the fibre product of the underlying bundles, P ×M Q, modulo an
equivalence relation (ph, q) ∼ (p, qα(φP (p)
−1, h)), with the H-action defined by [p, q]h = [ph, q]
and the anti-equivariant map defined by [p, q] 7→ φP (p)φQ(q).
The reader may easily verify that principal Γ-bundles for the three Lie 2-groups of the
previous list are the following:
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• Principal BA-bundles are the same as ordinary principal A-bundles, with the ordinary
tensor product.
• Principal Gdis-bundles are the same as smooth maps M → G, with the pointwise group
structure.
• Principal Γ = AUT(H)-bundles are ordinary principal H-bundles P together with an
H-anti-equivariant map φ : P → Aut(H). Due to the anti-equivariance, one can define
an additional left H-action hp := pα(φ(p)−1, h), turning P into a H-bibundle. The tensor
product is the tensor product of H-bibundles. The theory of non-abelian gerbes started
with considering bibundles and corresponding AUT(H)-bundle gerbes [15, 16].
So far we have explained the monoidal category BunΓ(M) of principal Γ-bundles over M .
The local model for Γ-bundle gerbes is now the pre-2-stack BBunΓ. The plus construction
yields then the 2-stack of Γ-bundle gerbes,
BGrbΓ := (BBunΓ)
+.
Unpacking the details of the plus construction, a Γ-bundle gerbe consists of a surjective
submersion pi : Y →M , a principal Γ-bundle P over Y [2], and a bundle isomorphism
µ : pr∗23P ⊗ pr
∗
12P → pr
∗
13P
over Y [3] that satisfies a cocycle condition over Y [4].
We would like to emphasize that although non-abelian bundle gerbes have been defined
earlier, e.g. in [15], neither the full bicategorical structure has been specified, nor any gluing
properties have been discussed. Both important aspects are established automatically by the
plus construction. A further important aspect that comes for free from the plus construction is
the functoriality in the Lie 2-group Γ. That is, if F : Γ → Ω is a Lie 2-group homomorphism,
then there is an associated ,,change of structure 2-group“ 2-functor
F∗ : BGrbΓ(M)→ BGrbΩ(M).
In particular, as a consequence of the extension (5), if Γ is smoothly separable with A := pi1Γ
and G := pi1Γ, then there is a sequence
BGrbA(M)→ BGrbΓ(M)→ (BunG(M))dis (6)
of 2-functors. Here we have employed an identification between (non-abelian)BA-bundle gerbes
and (abelian) A-bundle gerbes, and another identification BGrbGdis = (BunG)dis between Gdis-
bundle gerbes and ordinary principal G-bundles (regarded as a bicategory with only identity
2-morphisms). Loosely speaking, the sequence (6) exhibits non-abelian gerbes as an extension
of ordinary principal bundles by abelian gerbes. In particular, every non-abelian Γ-bundle
gerbe G comes with an underlying ordinary principal pi0Γ-bundle, which we denote by pi0(G).
This bundle plays an important role in the applications, as we will see in Sections 5, 6 and
7. In work with Thomas Nikolaus we have studied several lifting and reduction statements for
non-abelian gerbes that are related to the sequences (5) and (6), see [19].
We remark that connections on non-abelian bundle gerbes can be defined in the very same
way via the plus construction. The generalization of surface holonomy to the non-abelian case
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is more difficult. In joint work with Urs Schreiber we have given a general and axiomatic
framework for parallel transport and holonomy of non-abelian gerbes [20, 21, 22, 23].
We also point out that there is a formalism of principal 2-bundles, initiated by Bartels [24]
and Wockel [25]. This formalism is equivalent to non-abelian bundle gerbes [17] but more
suitable for connections and parallel transport, see [25, 26].
4 Gerbes over Lie groupoids
Applications (in particular applications to sigma-models and string theory) frequently require
not only bundle gerbes, but equivariant bundle gerbes. It is fruitful to approach equivariant
geometry from a more general point of view: geometry over Lie groupoids. The guiding examples
of Lie groupoids are the following two:
• If a Lie group G acts on a smooth manifoldM in terms of a smooth map ρ : G×M →M ,
one can form the action groupoid M/G with objects (M/G)0 := M and morphisms
(M/G)1 := G ×M . Source and target maps are given by s(g,m) := m and t(g,m) :=
ρ(g,m), and the composition is (g2, g1m) ◦ (g1, m) := (g2g1, m). Geometry over an action
groupoid M/G will be the same as G-equivariant geometry over M .
• Any open cover U = (Ui)i∈I defines the so-called Cˇech groupoid Cˇ(U). Its objects and
morphisms are given by, respectively,
Cˇ(U)0 :=
∐
i∈I
Ui and Cˇ(U)1 :=
∐
i,j∈I
Ui ∩ Ui.
Source and target maps are given by s(i, j, x) := (i, x) and t(i, j, x) := (j, x), and the com-
position is (j, k, x) ◦ (i, j, x) := (i, k, x). A similar Lie groupoid Cˇ(pi) can be constructed
using fibre products for any surjective submersion pi : Y →M .
We remark that a further class of interesting and rich examples of Lie groupoids are orbifolds,
see [27, 28, 29]. We start again by describing presheaves of categories; now over Lie groupoids.
A presheaf of categories over Lie groupoids is a weak functor
X : LGrpdop → Cat,
i.e., it associates to each Lie groupoid Ω a category X(Ω), and each smooth functor F : Ω→ Ω′
of Lie groupoids a functor F ∗ : X(Ω′) → X(Ω) in a way compatible with the composition
of functors. There is a canonical way to extend any presheaf X over smooth manifolds to a
presheaf X′ over Lie groupoids [2]. Indeed, if Ω is a Lie groupoid with a manifold Ω0 of objects
and a manifold Ω1 of morphisms, then an object of X
′(Ω) is a pair (X, f) consisting of an object
X in X(Ω0) and an isomorphism f : s
∗X → t∗X in X(Ω1), such that pr
∗
2f ◦ pr
∗
1f = c
∗f as
morphisms in X(Ω1 s×t Ω1), where c denotes the composition. A morphism of X
′(Ω) between
(X, f) and (X ′, f ′) is a morphism g : X → X ′ in X(Ω0) such that f
′ ◦ s∗g = t∗g ◦ f in X(Ω1).
It is instructive to evaluate this procedure for the two examples of Lie groupoids described
above. An object in X′(M/G) is an object X over M together with an isomorphism f :
pr∗MX → ρ
∗X over G×M that satisfies above condition over G×G×M . In other words, this
is a family {fg}g∈G of isomorphisms fg : X → g
∗X that satisfy g∗1fg2 ◦ fg1 = fg2g1 and depend
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smoothly on G (in the sense that a morphism f over G ×M is formed). If, for example, X
is the stack of vector bundles, then an object in X′(M/G) is precisely a G-equivariant vector
bundle over M .
In the other example of Cˇech groupoids, the reader may easily verify that X′(Cˇ(pi)) =
DescX(pi), for any surjective submersion pi : Y → M . This observation is useful in the following
situation. Suppose the quotient of a G-action on M exists, in the sense that M/G is a smooth
manifold and p : M → M/G is a principal G-bundle. Then, there is a canonical isomorphism
of Lie groupoids Cˇ(p) ∼= M/G. Thus, if X is any stack over smooth manifolds, we have an
equivalence
X(M/G) ∼= DescX(p) = X
′(Cˇ(p)) ∼= X′(M/G). (7)
In other words, if the quotient exists, geometry over M/G is the same as the induced geometry
over the action groupoid. The latter, however, makes sense even if the quotient does not exist.
The passage X 7→ X′ from presheaves over smooth manifolds to presheaves over Lie groupoids
has the feature that it is functorial and preserves stacks [2]. It is a very convenient tool: once we
work with presheaves of categories, there is no need to introduce definitions over Lie groupoids.
These will follow automatically via X 7→ X′ from definitions over just smooth manifolds.
The above discussion generalizes in a straightforward way from presheaves of categories
to presheaves of bicategories [2], and hence applies to abelian and non-abelian bundle gerbes.
Hence, we automatically obtain a definition of equivariant non-abelian bundle gerbes, together
with the equivalence (7) saying that equivariant bundle gerbes descent to quotients (if these
exist).
Equivariant bundle gerbes are frequently used in two-dimensional Wess-Zumino-Witten
models, whose Wess-Zumino term is the holonomy of a U(1)-bundle gerbe on a Lie group.
In order to get the right invariances for the theory, this gerbe has to be equivariant with
respect to the adjoint action of the Lie group on itself. Concrete constructions of equivari-
ant U(1)-bundle gerbes over compact simple Lie groups use descent in the 2-stack BGrb′U(1)
twice: In the first step, a G-equivariant bundle gerbe (,,basic gerbe“) over a simply-connected
Lie group G is obtained by gluing G-equivariant bundle gerbes Gi, which are locally defined
over thickened conjugacy classes Ui ⊂ G. In other words, these are bundle gerbes over action
groupoids Ui/G. More precisely, the locally defined bundle gerbes Gi are so-called lifting gerbes
for certain central extensions of stabilizer subgroups. The gluing uses descent along the functor∐
i
Ui/G→ G/G.
This construction is implicit in Meinrenken’s construction [6] and appears explicitly in [30].
In the second step, descent to a non-simply-connected quotient G˜ := G/Z, where Z ⊂ Z(G),
is performed along G/G → G˜/ G˜. The required Z-equivariant structures have been provided
Lie-theoretically by Gawe¸dzki-Reis [31] (without the G-equivariance) and recently – including
the G-equivariance – by Krepski [32].
5 Jandl gerbes are non-abelian
The surface holonomy of a connection on an abelian bundle gerbe depends on an orientation
of the surface Σ. If the surface is not oriented, or not orientable, then it is a priori not well-
defined. Thus, in the application of bundle gerbes as Kalb-Ramond gauge fields in string theory,
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unoriented worldsheets (which naturally appear in string theories of type I) require additional
attention.
The idea is that a change of orientation should be accompanied on the target space side
with an involution k : M → M , under which the gauge field should ,,change its sign“. For a
2-form gauge field B, we would require k∗B = −B so that the sign obtained from a change
of orientation is compensated. Jandl gerbes generalize this transformation behaviour from
2-form gauge fields to bundle gerbes: they are U(1)-bundle gerbes equipped with additional
structure relating their pullback along k with the dual (for the opposite sign). It is instructive
to understand Jandl gerbes as non-abelian gerbes over Lie groupoids.
We are concerned with a smooth manifold M and an involution k : M → M , which we
regard as a Z2-action on M . We consider the associated action groupoid, and denote it by
M/k. The trivial Z2-bundle M × Z2 over M can be equipped with a Z2-equivariant structure
that changes the sign under the involution. Hence, it becomes a Z2-bundle over M/k, and we
denote it by Or(M/k), the orientation bundle of the Lie groupoid M/k.
The automorphism 2-group AUT(U(1)) gives rise to a (non-central) extension
BU(1)→ AUT(U(1))→ Z2,
where the action of pi0(AUT(U(1))) = Out(Z2) = Z2 on pi1(AUT(U(1))) = Z(U(1)) = U(1) is
by inversion. The idea is to couple the Z2-part of this extension to a change of orientation. With
this motivation, a Jandl gerbe overM/k is an AUT(U(1))-bundle gerbe G with connection over
M/k together with a bundle isomorphism pi0(G) ∼= Or(M/k).
The above definition of a Jandl gerbe is more conceptual than the original definition given
in [33], but equivalent, as we will demonstrate now by unwrapping all involved definitions.
We work first over M and ignore the Z2-equivariance. From the plus construction we recall
that the AUT(U(1))-bundle gerbe G consists of a surjective submersion pi : Y → M , a principal
AUT(U(1))-bundle P over Y [2], and a bundle isomorphism µ over Y [3]. We consider AUT(U(1))
as the crossed module 0 : U(1) → Z2, so that the AUT(U(1))-bundle P is an ordinary U(1)-
bundle equipped with an anchor map φ : P → Z2. The anchor descends in fact to a map
φ : Y [2] → Z2, due to its anti-equivariance. The bundle isomorphism µ is an ordinary U(1)-
bundle isomorphism with the property that it respects the anchor maps; this implies the cocycle
condition for the map φ on Y [3]. Hence, the pair (pi, φ) is descent data for a principal Z2-bundle
over M , namely the bundle pi0(G).
The isomorphism between pi0(G) and Or(M/k) that is part of the definition of a Jandl gerbe
determines a trivialization of pi0(G), since Or(M/k) is the trivial bundle over M . In terms of
descent data, the trivialization is a map ψ : Y → Z2 such that φ(y1, y2)ψ(y2) = ψ(y1). Let Pψ
be the trivial U(1)-bundle over Y , which becomes an AUT(U(1))-bundle equipping it with the
anchor map ψ. Now we pass to the new AUT(U(1))-bundle
Pred := pr
∗
2Pψ ⊗ P ⊗ pr
∗
1P
∗
ψ
over Y [2]. By construction Pred has the trivial anchor and so is an ordinary U(1)-bundle.
Similarly, one can equip Pred with an isomorphism µred over Y
[3], in such a way that Gred :=
(pi, Pred, µred) is an ordinary U(1)-bundle gerbe. This reduction procedure works in the same
way in the setting with connections. We have studied it in a more general setting in [19].
Next we take care about the Z2-equivariant structure, which is – in the first place – an
isomorphism A : s∗G → t∗G of AUT(U(1))-bundle gerbes over the morphism space Z2 ×M of
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the action groupoidM/k. It induces an isomorphism A : s∗Gred → t
∗Gred over Z2×M , which is
an isomorphism in the bicategory of AUT(U(1))-bundle gerbes. That space is the disjoint union
of two components, and so A has two components Aid : Gred → Gred and Ak : Gred → k
∗Gred.
Employing the equivariance of the isomorphism pi0(G) ∼= Or(M/k) one can show that Aid is
actually an isomorphism in the bicategory of U(1)-bundle gerbes. For the component Ak one
can show that a sign is involved in such a way that Ak becomes an isomorphism of U(1)-bundle
gerbes after its domain bundle gerbe is dualized:
Ak : G
∗
red → k
∗Gred.
Finally, we incorporate the last part of the Z2-equivariant structure, which is a 2-isomorphism
ϕ : pr∗2A ◦ pr
∗
1A ⇒ c
∗A over the space of pairs of composable morphisms of M/k. It reduces
to 2-isomorphisms
Aid ◦ Aid ⇒ Aid and k
∗Ak ◦ A
∗
k ⇒ idGred .
The first part shows that Aid ∼= id, so that Aid contains no information. For the second part,
the cocycle condition for ϕ implies k∗ϕ−1k = ϕ
∗
k.
Summarizing, we have seen that a Jandl gerbe G over M/k is the same as:
1. A U(1)-bundle gerbe with connection over M .
2. A 1-isomorphism A : G∗ → k∗G.
3. A 2-isomorphism ϕ : k∗A ◦ A∗ ⇒ idG such that k
∗ϕ−1 = ϕ∗.
This is precisely the definition given in [33, 7]. We remark that Jandl gerbes can also be
discussed in terms of cocycle data, or (differential) cohomology with coefficients in equivariant
sheaves, see [33, 34, 35, 36, 37].
As intended, Jandl gerbes furnish a notion of surface holonomy for unoriented surfaces
[33]. More precisely, if Σ is a possibly unoriented surface, it assigns a well-defined element in
U(1) to each differentiable stack map φ : Σ → M/k. This surface holonomy constitutes the
contribution of the orientifold Kalb-Ramond field to the sigma model action, see [1, 33].
In [34] we have classified all Jandl gerbes over compact simple Lie groups, and thereby
all Wess-Zumino-Witten orientifolds for these groups. The classification problem was solved
using equivariant descent along the universal covering group G˜ → G, employing the fact that
AUT(U(1))-bundle gerbes form a 2-stack. Since G = G˜/Z for a discrete group Z ⊂ Z(G˜), the
essential calculation is the classification of all Z-equivariant structures on AUT(U(1))-bundle
gerbes over simply-connected Lie groups. In [34], this was reduced to the computation of
the group cohomology of the discrete group Z ⋉ Z2 (where Z2 acts on Z by inversion) with
coefficients in U(1), considered as a (Z ⋉ Z2)-module in which Z2 acts by inversion. This
calculation has been carried out in [34] for all occurring cases of groups Z.
In further work [35] we have treated D-branes in orientifolds, using Jandl gerbes. In this
picture, D-branes are submanifolds Q ⊂ M of the target space, equipped with bundle gerbe
modules, i.e. 1-morphisms G|Q → I, where I is the trivial bundle gerbe. If these bundle
gerbe modules are equipped with appropriate equivariance with respect to the involution, the
coupling term in the open string action functional can again be defined unambiguously. A
different treatment of D-branes in orientifolds has been studied by Distler, Freed, and Moore in
[38], in the formalism of twisted K-theory. The relation between the two pictures is that bundle
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gerbes (with connections) realize those (differential) twistings of K-theory that correspond to
H3(M,Z). Non-abelian AUT(U(1))-bundle gerbes, which underly Jandl gerbes, realize more
general twistings that correspond to H1(M,Z2)×H
3(M,Z). These correspondences persist if
M is replaced by an action groupoid; this way the two approaches can be related.
6 String structures
Supersymmetric sigma models include spinors on the worldsheet with values in the tangent
bundle of the target space. If M is a spin manifold, then the path integral over the spinors
can be interpreted as a Berezinian integral, and then rigorously be performed. The result,
however, is not a complex number but an element in a complex line. These form a complex
line bundle over the space C∞(Σ,M) of all worldsheet embeddings, the Pfaffian line bundle
of a certain family of Dirac operators. The supersymmetric sigma model is hence potentially
anomalous, and the anomaly is represented by the Pfaffian line bundle. A general treatment of
such anomalies was given by Freed and Moore in [39].
The cancellation of this anomaly requires to trivialize the Pfaffian line bundle. Freed showed
[40] that its first Chern class vanishes if the first fractional Pontryagin class of M vanishes,
1
2
p1(M) = 0 ∈ H
4(M,Z).
Such manifolds are called string manifolds. The problem is that the vanishing of the Chern
class of the Pfaffian line bundle is not enough to make the fermionic path integral a well-defined
section: additionally, a specific trivialization must be provided. For this purpose, it is desirable
to interpret the obstruction class 1
2
p1(M) in a geometric way. There are (at least) four different
proposals:
1. It is the obstruction against lifting the structure group of the free loop space of M from
the loop group LSpin(n) to its universal central extension [41, 42],
1→ U(1)→ ˜LSpin(n)→ LSpin(n)→ 1
2. It is the obstruction against lifting the structure group of the spin-oriented frame bundle
PSpinM of M from Spin(n) to the string group
String(n)→ Spin(n),
defined as the unique (up to homotopy equivalence) 3-connected covering group [43].
3. It is the ,,level“ of a Chern-Simons field theory with target space M [43].
4. It is the characteristic class of the Chern-Simons 2-gerbe associated to the spin-oriented
frame bundle [44, 45].
Most interesting for us is (a variant of) version 2. Although the (a priori topological) group
String(n) can be realized as a Fre´chet Lie group [46], it turns out to be more natural to consider
it as a Lie 2-group. Concrete models for the String 2-group have been constructed as a Fre´chet
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Lie 2-group [47] and as a diffeological 2-group [48]. Both are central and smoothly separable in
the sense explained in Section 3, and give rise to a central extension
BU(1)→ String(n)→ Spin(n)dis
of (Fre´chet/diffeological) Lie 2-groups. A string structure is a lift of the structure group of M
along this central extension. In other words, a string structure is a String(n)-bundle gerbe G
over M such that pi0(G) ∼= PSpinM .
By a result of Schommer-Pries [18], central extensions of Gdis by BU(1) are classified by
H4(BG,Z), and the string 2-group corresponds to 1
2
p1 ∈ H
4(BSpin(n),Z). This shows that
string structures exist if and only if 1
2
p1(M) = 0, as desired.
Above notion of a string structure is equivalent [19] to another definition using version 4.
In that version a string structure is a trivialization of the Chern-Simons 2-gerbe [45]. This has
the additional advantage that it is totally finite-dimensional, and that one can define string
connections, together forming a geometric string structure. The geometric string structures of
[45] are motivated by version 3 of Stolz and Teichner, and closely related to spin structures on
the free loop space, which implement version 1 [49].
The relation between string structures and the Pfaffian line bundle over C∞(Σ,M), namely
that a choice of a string structure determines a trivialization of the Pfaffian line bundle, has
been conjectured by Stolz and Teichner, and proved by Bunke [50] using the notion of geometric
string structures of [45].
7 Topological T-duality
Particularly interesting target spaces for string theory are the total spaces of principal torus
bundles. String theories on these target spaces can be equivalent to string theories on different
principal torus bundles, in a way that metrics, B-fields, and dilaton fields are mixed up [51].
Such an equivalence is called T-duality. The fully-fledged exact mathematical formulation of
T-duality, including all topological and differential-geometric information, is not yet known.
Topological T-duality has been invented to study the underlying topological aspects alone.
In this context, T-duality can be defined as follows [52]. Let E and Ê be principal Tn-bundles
over M , where Tn = U(1) × . . . × U(1), and let G and Ĝ be U(1)-bundle gerbes over E and
Ê, respectively. The pairs (E,G) and (Ê, Ĝ) are called topological T-backgrounds, and the fibre
product
E ×M Ê
{{✇✇
✇✇
✇✇
✇✇
✇✇
##
●●
●●
●●
●●
●●
E
$$
❍❍
❍❍
❍❍
❍❍
❍❍
Ê
zz✈✈
✈✈
✈✈
✈✈
✈✈
M
is called the correspondence space. The two topological T-backgrounds are called T-dual, if
the pullbacks of the two bundle gerbes to the correspondence space are isomorphic, and an
isomorphism D : p∗G → p̂∗Ĝ exists that has the so-called Poincare´ property [52]. The original
motivation for this definition was the existence of a so-called Fourier-Mukai transformation,
which yields an isomorphism between the twisted K-theories of both pairs.
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One of the basic questions in this setting is to decide, if a given T-background has T-duals,
and how the possibly many T-duals can be parameterized. To this end, we consider the Serre
spectral sequence associated to the torus bundle, which comes with a filtration pi∗H3(M,Z) =
F3 ⊂ F2 ⊂ F1 ⊂ F0 = H
3(E,Z). We classify T-backgrounds by the greatest n such that
the Dixmier-Douady class [G] ∈ H3(E,Z) is in Fn. A result of Bunke-Rumpf-Schick [52] is
that a T-background (E,G) admits T-duals if and only if it is F2. Further, up to isomorphism,
possible choices are related by a certain action of the additive group so(n,Z) of skew-symmetric
matrices B ∈ Zn×n, where n is the dimension of the torus.
The situation can be reformulated and then improved using non-abelian gerbes [14]. In this
joint work with Thomas Nikolaus we have manufactured a Fre´chet Lie 2-group TB2 in such a
way that the TB2-bundle gerbes are precisely the F2 T-backgrounds. As a crossed module, it
is Zn × C∞(Tn, U(1)) → Rn, defined as (m, τ) 7→ m, and a ∈ Rn acts on C∞(Tn, U(1)) by
translations modulo Z. It forms a (non-central) extension
C∞(Tn, U(1))→ TB2 → Tndis.
If G is a TB2-bundle gerbe corresponding to a T-background (E,G), then pi0(G) is the underlying
torus bundle E.
Another, finite-dimensional Lie 2-group TD can be constructed as the central extension
BU(1)→ TD→ T2ndis
that is classified by the class
ρ :=
n∑
i=1
pr∗i c ∪ pr
∗
n+ic ∈ H
4(T2n,Z),
where c ∈ H2(BU(1),Z) is the universal first Chern class. The associated TD-bundle gerbes
are precisely all T-duality correspondences [14]. Lie 2-group homomorphisms L,R : TD→ TB2
represent the projection to the left and the right ,,leg“ of the correspondence. The main
advantage of this reformulation is that the so(n,Z)-action can be implemented as a strict and
fully coherent action on TD. This way, our understanding of topological T-duality is formulated
completely and coherently in the language of non-abelian bundle gerbes.
If a T-background is only F1, then it does not have any T-duals; these are then called ,,mys-
teriously missing“ [53] or ,,non-geometric“ T-duals [54]. An approach via non-commutative
geometry allows to define them as bundles of non-commutative tori [55, 56, 53]. The fact that
non-abelian bundle gerbes form a 2-stack provides an alternative [14]. Indeed, every F1 back-
ground is locally F2, and so has locally defined T-duals, related to the given F1 T-background
by locally defined T-duality correspondences. Over overlaps, these correspondences are related
by the so(n,Z)-action of Bunke-Rumpf-Schick. Since this action is fully coherent under our
reformulation by non-abelian bundle gerbes, one can define a semi-direct product Lie 2-group
TD
1
2
-geo := TD ⋉ so(n,Z).
Within the 2-stack of TD
1
2
-geo-bundle gerbes one can now glue the locally defined T-duality
correspondences along their so(n,Z)-transformations on overlaps. This way, a globally defined
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TD
1
2
-geo-bundle gerbe is obtained, representing a totally new object called a half-geometric T-
duality correspondence. These new objects should be seen and studied as generalized target
spaces for string theory, and may be seen as a realization of Hull’s T-folds [57].
Another action of so(n,Z) on the Lie 2-group TB2 can be defined, leading to another Lie
2-group
TB1 := TB2 ⋉ so(n,Z).
The non-abelian TB1-bundle gerbes correspond precisely to the F1 T-backgrounds [14]. The left
leg projection L is so(n,Z)-equivariant and hence induces a well-defined 2-group homomorphism
L : TD
1
2
-geo → TB1. In other words, half-geometric T-duality correspondences still have a well-
defined ,,geometric“ left leg, but opposed to the theory of [52] this left leg is now in the bigger
class of F1 T-backgrounds. It is shown in [14] that L : TD
1
2
-geo → TB1 induces a bijection
on isomorphism classes of non-abelian gerbes. Thus, every F1 T-background is the left leg of
a uniquely defined half-geometric T-duality correspondence. They can hence be seen as the
non-geometric T-duals of F1 T-backgrounds. Thus, the higher geometry of non-abelian gerbes
provides an alternative to non-commutative geometry.
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